Abstract -The collective motion of dust particles during the mode-coupling induced melting of a two-dimensional plasma crystal is explored in molecular dynamics simulations. The crystal is compressed horizontally by an anisotropic confinement. This compression leads to an asymmetric triggering of the mode-coupling instability which is accompanied by alternating chains of inphase and anti-phase oscillating particles. A new order parameter is proposed to quantify the synchronization with respect to different directions of the crystal. Depending on the orientation of the confinement anisotropy, mode-coupling instability and synchronized motion are observed in one or two directions. Notably, the synchronization is found to be direction-dependent. The good agreement with experiments suggests that the confinement anisotropy can be used to explain the observed synchronization process.
Introduction. -Weakly ionized gases containing micron-sized dust particles are called complex (dusty) plasmas. In the plasma the particles charge up and selfarrange enabling formation of strongly coupled and highly ordered quasicrystalline phases [1] [2] [3] [4] [5] (analogous to colloids [6] ), called plasma crystals [2, 7, 8] . In ground-based experiments these crystals are typically composed of plastic microspheres that are injected into a plasma created by a radio frequency discharge. The particles charge up negatively and levitate in the plasma sheath region above the lower electrode where they can form a horizontal twodimensional (2D) monolayer under adequate experimental conditions [2, 4] . Many dynamical processes can be studied rigorously in plasma crystals, in particular, linear [9, 10] and nonlinear waves [11] , resonance effects [12] , dynamics of dislocations [13] [14] [15] and crystal plasticity [16, 17] .
As in many physical, astrophysical and biological systems [18] , cooperative particle motion is an exceptionally important element of self-organization in complex plasmas. In particular, synchronized motion of particle chains was recently discovered in plasma crystals [19] . Synchronization processes in large systems of oscillators have been (a) E-mail: ingo.laut@dlr.de studied in chemistry, physics and engineering [20] , and the behavior of chirping crickets [21] , or superconducting Josephson junctions [22] can be described by the Kuramoto model of globally coupled oscillators [23] which can be solved analytically in a mean-field approach.
In a plasma crystal, the particle-particle interaction is strongly influenced by the surrounding plasma. While the interaction in the bulk plasma is well described by a Yukawa potential [1] , the strong ion flow in the plasma sheath region distorts the screening cloud [24, 25] . This plasma wake below the particles adds an attractive component to the interaction [26] which was described theoretically as a pointlike positive effective charge below each particle [27] . Due to the finite vertical confinement of a 2D plasma crystal, there is an out-of-plane wave mode which has an optical dispersion relation in addition to the two in-plane modes with acoustic dispersion. If the vertical confinement is smaller than a critical value, the longitudinal in-plane mode and the out-of-plane mode intersect and form an unstable hybrid mode in the vicinity of the intersection. During this mode-coupling instability (MCI), energy is continuously transferred from the flowing ions to the crystal, breaking the crystalline order if the damping rate is small enough [28, 29] .
p-1
Due to the lattice symmetry, MCI in the shallow crossing regime is equally strong in three directions in a perfect hexagonal lattice [29] . In the experiment of ref. [19] , however, the instability was dominant in one direction. Synchronized motion of particle chains was observed. The process of synchronization was measured by calculating the Shannon entropy of the instantaneous phases of neighboring particles as well as the distribution of frequencies. In ref. [19] , an inhomogeneity of the horizontal confinement was suggested to be a reason for this asymmetry in the crystal, but it was not possible to study the origin of the deformation of the crystal in detail.
The influence of an anisotropy in the horizontal confinement on a rotating plasma crystal was studied in ref. [30] . It was shown that even small anisotropies may considerably affect the dynamical behavior of the system.
In this paper, we demonstrate with simulations that an anisotropy of the horizontal confinement can cause an asymmetric triggering of MCI. At the onset of the instability, synchronized particle motion is characterized by a new order parameter that is sensitive to the direction of the synchronization pattern. Depending on the orientation of the confinement anisotropy, MCI and synchronized motion are observed in one or two directions.
Experiment. -The experiment of ref. [19] will be briefly outlined below. Argon plasma was produced using a capacitively coupled radio frequency discharge at 13.56 MHz with a forward power of 12 W. The microparticles formed a monolayer with mean interparticle distance a = (480 ± 10) µm. The particle x and y positions were obtained with subpixel accuracy from a top-view camera operating at 250 frames per second. The axes were chosen as depicted in the inset of fig. 1 . The gas pressure was reduced from 0.94 Pa to 0.92 Pa to initiate the MCI. The spectral distribution of particle velocity fluctuations [see eq. (5)] in k-space is highly anisotropic [19] . As can be seen in fig. 2(c) , bright 'hot spots', the fingerprints of the developed MCI, appear in two directions, in contrast to a perfect hexagonal crystal where the three directions are equally strong [29] .
Simulation. -Molecular dynamics simulations have proven to be an adequate tool to study and compare a wide range of experimental conditions [31] [32] [33] [34] . The equations of motion read
where r i is the position of particle i, m the particle mass and ν the damping rate. The force exerted by particle j (and its wake) on particle i is where Q < 0 is the particle charge, λ is the screening length, r ji = r i − r j and r wji = r i − (r j − δe z ). To model the ion wake effect a positive 'extra charge' q (0 < q < |Q|) is added a fixed distance δ (δ < λ) below each particle. Note that since in general r wji = r wij , the forces are nonreciprocal due to the ion wake effect. The ion wake (described in detail in [6] ) is known to be responsible for triggering the MCI [29] .
To form a monolayer, the equally charged particles have to be confined vertically as well as horizontally. In the experiment, the confinement can be controlled, e.g., by varying the discharge power or gas pressure [29] . In simulations it is treated as a tunable parameter, allowing us to control the crystal stability and anisotropy effects. The anisotropic parabolic confinement force in the horizontal plane is characterized by confinement parameter Ω = 2πf acting in the direction of angle α (measured from the x-axis), and Ω ⊥ = 2πf ⊥ that is perpendicular to it. Thus,
where Ω s and Ω a are the symmetric and asymmetric contributions to the horizontal confinement, and Ω z the vertical confinement parameter. The symmetric and asymmetp-2
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The orientation of the confinement anisotropy can thus be changed without changing the choice of the axes depicted in the inset of fig. 1 , leading to a horizontal compression of the crystal in the direction denoted by the angle α.
The particles are also coupled to a Langevin heat bath of temperature T = 300 K,
δ ij is the Kronecker delta and δ(τ ) is the delta function. In a simulation run, a system of 16384 particles, each with a mass m = 6.1 × 10 −13 kg and charge Q = −19000e, is first equilibrated at f = f ⊥ = 0.145 Hz and a large vertical confinement f z = Ω z /2π = 23 Hz that prevents the onset of MCI. When a crystal is formed in the center of the monolayer, the horizontal frequencies are changed to f = 0.156 Hz and f ⊥ = 0.137 Hz to introduce an anisotropy. After equilibration, the vertical confinement is finally reduced to f z = 20 Hz to trigger the instability, this moment corresponds to t = 0. Because of the sixfold symmetry of the crystal, it is sufficient to study the orientation of the confinement anisotropy in the range 0
Here, two simulations with α = 30
• and α = 0
• are considered. The damping rate is assumed to be ν = 1.26 s −1 , the screening length is λ = 380 µm. A pointlike wake charge q = 0.2|Q| is a distance δ = 0.3λ below each particle.
Analysis methods. -The radial pair correlation function in the horizontal plane, g(r), is used to measure the inhomogeneity in the hexagonal lattice. An ellipse is fitted to the first six peaks of g(r). The tilt angle β and the eccentricity ǫ are used to quantify the deformation of the crystal.
The particle current [35] for the longitudinal in-plane mode is defined as
where v k j (t) is the component of the velocity of particle j at time t parallel to wave vector k = (k x , k y ). The particle current fluctuation spectra of the longitudinal mode V (k, f ) are then calculated using the Fourier transform. To show the spectra in the xy plane, V (k, f ) is integrated over a frequency range 14 Hz < f < 18 Hz centered on the hybrid frequency f hyb = (16 ± 1) Hz. The MCI, where the out-of-plane mode couples to the longitudinal in-plane mode, appears as hot spots in the spectra of both modes [29] . The out-of-plane mode is not considered since it is not available for the experimental data. In the simulations, the integrated spectrum of the out-of-plane mode is very similar to that of the longitudinal mode. The border of the first Brillouin zone is calculated from the static structure factor S(k) = N −1 l,m e ik·(r l −rm) , where N is the number of particles, the sum runs over all pairs of particles, and the averaging is performed over time. The chains of synchronized particle motion (see fig. 1 ) cannot be characterized using the Kuramoto order parameter re iψ = (1/N ) j e iφj [20] , because neighboring chains tend to be in antiphase. The contributions to the order parameter would thus cancel even in the presence of a synchronization pattern. Therefore, we define a local order parameter as
where φ i,θ is the phase of the oscillation of particle i in the direction denoted by angle θ at time t and nn is the number of nearest neighbors. k j = 0 if particle j is on the line passing through particle i perpendicular to direction denoted by θ, and k j = 1 otherwise 1 . In the inset of fig. 1,   1 Since the crystal is highly ordered, the definition of particle lines is straightforward. We consider two neighboring particles i and j to be on a line if the angle between the i−j bond and the line is smaller than 30 • .
p-3 the direction denoted by θ = 60
• is indicated by an arrow and the line perpendicular to it by a dashed line. The cosine of the phase differences are thus added for nearest neighbors on the same line and subtracted for nearest neighbors on the subsequent lines, leading to R i,θ = 1 if particle i is in a region with perfect alternating in-phase and out-of-phase oscillating lines of particles. In the opposite case, R i,θ = −1. If there is no phase relation, R i,θ ≃ 0.
The instantaneous phase φ i,θ is calculated from the projection of position r i in the horizontal plane onto the direction denoted by θ. The instantaneous deviation from the time-averaged particle position is obtained with a sliding window of length 0.2 s. The phase is then assumed to grow linearly by 2π between each maximum of the deviation. An order parameter for the system is calculated by averaging over all particles R θ (t) = R i,θ (t) i . The three main directions of the crystal, θ = 0
• , 60
• and 120
• , are considered.
In ref.
[36] a local order parameter was used to increase the resolution for a system where the number of oscillators is small. The local order parameter proposed here is sensitive to the orientation of the synchronization pattern. In fig. 1 , maps of φ i,θ and R i,θ are shown for the experimental data at a characteristic time t = 2.5 s for θ = 0
• and θ = 60 Results. -The experimental data of ref. [19] is analyzed in a window containing about 800 particles near the center of the crystal. The pair correlation g(r) is shown in fig. 2(a) . A deviation from a perfect hexagonal structure can clearly be seen. In fig. 2(b) , an ellipse is fitted to the first peaks of g(r), its tilt angle is β = (27 ± 2)
• . The value of the eccentricity is ǫ = 0.42 ± 0.07.
The phases φ i,θ are calculated for a smaller window of side length 6.5 mm containing about 230 particles. In this region synchronized particle motion was observed. As can be seen in fig. 2(d) , the order parameter R θ has significant positive values for θ = 0
• and θ = 60
• . In the latter case, R θ=60 • increases between t ≃ 1 s and t ≃ 2 s and then saturates at a value of R θ=60 • ≃ 0.4. At t ≃ 3.2 s the crystal melts and the order parameter drops back to zero. For θ = 0
• , R θ=0 • increases much more slowly in a time interval 1 s < t < 3 s before also decreasing again when the crystal melts. R θ=120 • becomes slightly negative during the phase of synchronized motion in the other directions (see supplementary movie mci-synchronization.mp4 for the time evolution of the order parameter).
In the first simulation, the crystal was compressed at an angle of α = 30
• . The region of interest is chosen to be of the same size as in the experiments. The pair correlation g(r) is shown in fig. 3(a) . An ellipse is fitted • . In (c), the first 25 s of the data are used to calculate the spectrum.
to the first peaks of g(r) [see fig. 3(b) ], the value of the tilt angle, β = (29.7 ± 0.5)
• , is close to the experiment, the value of the eccentricity ǫ = 0.36 ± 0.03 is slightly smaller. The integrated spectrum of the longitudinal mode [see fig. 3(c) ] shows bright hot spots in two main directions of the crystal. The hot spot at θ = 120
• that would be expected for a perfect hexagonal lattice is almost absent.
The main characteristics of the synchronization process in the experiment are recovered in the simulations, albeit with the roles of θ = 0
• interchanged: As can be seen in fig. 3(d) , the order parameter saturates at R θ=0 • ≃ 0.6 rather quickly in one direction, while it follows more slowly in the other. At t ≃ 27 s, both order parameters decrease. For θ = 120
• , the order parameter decreases to about −0.2 to −0.3. Note that the time scale is larger than in the experiment.
The order parameter is slightly negative even at t = 0. This could be explained by noting that before the onset of MCI, the particle movement is slightly correlated between nearest neighbors due to their mutual repulsion. This small positive correlation leads to a negative R θ , since the phase differences to the four neighbors on the next lines are subtracted from the phase differences to only two neighbors on the same line. The decrease of R θ=120 • dur-ing the period of synchronization can be explained by the fact that the three directions of the projection are not orthogonal. Consequently, alternating lines of in-phase and anti-phase particles in one direction lead to a negative order parameter in the other directions.
In a second simulation, the orientation of the confinement anisotropy was α = 0
• . The pair correlation g(r) and the ellipse fitted to the first six peaks of g(r) are shown in fig. 4(a) and (b) . As expected, the ellipse is tilted by only a small angle of (3.0 ± 0.5)
• . The eccentricity ǫ = 0.42±0.03 is larger than in the first simulation. The integrated particle fluctuation spectrum [ fig. 4(c) ] shows that the MCI is dominant only in the x direction.
Here, synchronized motion is only observed in θ = 0
• direction, see fig. 4(d) . The corresponding order parameter increases between t ≃ 5 s and t ≃ 15 s and subsequently saturates at R θ=0 • ≃ 0.8. R θ decreases to negative values (about −0.2 to −0.3) in the other two directions θ = 60
• and θ = 120
• . At t ≃ 20 s, R θ=0 • decreases and increases again at t ≃ 21.5 s. This can be understood as follows. As observed in [33] , a molecular dynamics simulation of MCI does not lead to a complete melting of the crystal but rather to cycles of partial melting and recrystallization. Thus the synchronization process does not completely stop as in the case of the experiment.
Discussion and Conclusion. -The good agreement of the simulation ( fig. 3 ) with the experiment ( fig. 2) suggests that the confinement asymmetry can be used to explain the observed anisotropic triggering of MCI and the synchronization process. The anisotropy of the spectral intensity of the particle velocity fluctuations indicate undoubtedly that the MCI is sensitive to a weak anisotropy in the horizontal confinement. The dispersion relations for a sheared crystal were examined theoretically in refs. [37, 38] .
In the experiment, the hot spot at θ = 60
• is much brighter than the one in the opposite direction θ = 240
• which almost vanishes, see fig. 2(c) . This effect -which is much weaker in the simulations -may be due to further anisotropies in the crystal structure, stemming for example from defect chains near the boundary of the plasma crystal. It will be subject to further studies.
Confining a plasma crystal in the horizontal plane always makes it internally inhomogeneous. A parabolic confinement is often used in the literature, see, e.g., [16, 17, 31, 32] . The scaling laws of plasma crystals are also well known. In particular, the interaction range κ = a/λ of such clusters is weakly depended on the strength of horizontal confinement parameter Ω c ,
as is easy to verify by using refs. [15, 31, 39] . Taking into account that the critical vertical confinement for MCI to be triggered, Ω z,crit , is known to be strongly dependent on the particle interaction range κ (see ref. [29] for details), • . In (c), the first 20 s of the data are used to calculate the spectrum. the influence of the horizontal confinement strength becomes apparent. For plasma clusters, the dependence of Ω z,crit on κ is described by [29] 
The dependence of Ω z,crit on Ω c can be calculated by combining eqs. (7) and (8):
(9) Since Λ(κ) ∼ 1 at κ ∼ 1, the relative variation of the instability threshold is practically proportional to the relative variation of the horizontal confinement strength.
The prediction of eccentricity ǫ due to an anisotropic horizontal confinement can be deduced from eq. (7), yielding ǫ theory = 1 − (κ(Ω )/κ(Ω ⊥ )) 2 1/2 ≃ 0.35 . Of course, in a more detailed analysis the orientation of the anisotropy would have to be taken into account, as the compressibility of the crystal depends on it. Still, this estimate is not far from the values of experiment and simulations.
The role of frequency synchronization [19] was not studied here since special care was taken to quantify the orientations of the phase synchronization processes. The interplay of phase and frequency synchronization during the onset of MCI is an important point in the understanding of the collective phenomenon.
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An order parameter motivated by the Kuramoto model is often used to quantify synchronization processes [36] . If the interaction is repulsive, complex patterns can arise that call for a detailed analysis. For example, traveling waves [40] or competing domains of different chirality [41] were observed. Here, a local order parameter was proposed which is sensitive to the orientation of the observed synchronization patterns.
To conclude, it was shown in simulations that an anisotropy of the horizontal confinement can cause an asymmetric triggering of MCI which is accompanied by particle chains with synchronized motion. To the best of our knowledge, it is reported for the first time that a horizontal compression in simulations of a plasma crystal reproduces well the synchronization process observed in experiments. For an appropriate orientation of the anisotropy, MCI is triggered in two directions which leads to competing synchronization patterns. If MCI is triggered in one direction, a single pattern dominates. A new order parameter was proposed that is able to quantify direction-dependent synchronization. We were thus able to identify synchronization patterns that show a pronounced anisotropy.
